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Assignment 3. Compute and draw phase portraits using Matlab or other simulation software of one 
or more of the following nonlinear dynamical systems: buckling beam (eq. 1.17 Sastry), pendulum 
(eq. 1.16 Sastry), violin string (eq. 1.21 Sastry), or other interesting example found in the literature. 
Vary parameters of chosen system in order to obtain meaningful features, like: obtain stable and 
unstable equilibrium points, obtain limit cycles, etc. Explain in detail shown results and justify results 
and your conclusions. 
 
 
 
 
Chosen nonlinear system: Pendulum: Due to Newton 
 
Theoretical background 
 
A pendulum is a weight suspended from a pivot so it can swing freely. When a pendulum is 
displaced from its resting equilibrium position, it is subject to a restoring force due to gravity that will 
accelerate it back toward the equilibrium position. When released, the restoring force will cause it to 
oscillate about the equilibrium position, swinging back and forth. The time for one complete cycle, a 
left swing and a right swing, is called the period. 
 The simple gravity pendulum is an idealized mathematical model of a pendulum.
 
This is a 
weight on the end of a massless cord suspended from a pivot, without friction. When given an initial 
push, it will swing back and forth at a constant amplitude. Real pendulums are subject to friction and 
air drag, so the amplitude of their swings declines. A simple pendulum is an idealisation, working on 
the assumption that: 
• the rod or cord on which the bob swings is massless, inextensible and always remains taut  
• motion occurs in a 2-dimensional plane, i.e. the bob does not trace an ellipse 
 
 
 
Non-linear system analysis 
 
The equation of motion of the pendulum is  
 +  + 	
 = 0  
Where: 
l = length of pendulum  
d = damping coefficient  
m = mass attached at the end  
g = gravitational acceleration  
θ = angle made by the pendulum with axis 
We have to make the following assumptions: length of the cord (l), gravity force (g) and mass 
of the pendulum (m) remain constant. 
 
Non-linear system considerations 
 
We will discuss two cases: 
1. System without friction 
2. System with friction 
 
Ad 1. 
In this case we assume no friction: 
 = 0 
 + 0 + 	
 = 0  
+	
 = 0  
 
To put data into MATDS Matlab program we take m, g and l as constants, and denote: 
- angle of displacement 
1 =  
- angle of velocity 
2 =   
Furthermore, we denote: 
- initial angle of displacement - 10 
- initial angle of velocity - 20 
 
The pendulum will be considered that is in equilibrium when: 
 = 0  ±180 
 = 0 
 
 
 
 
 
MATDS program settings: 
 
 
 
 
 
Initial parameters values                                                    Initial position 
                     
 
The first condition we will consider will be for m=1, l=1 and initial value of pendulum 
deflection 180
0
. As the results we get the dependence of angular speed versus displacement 
angle: 
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The pendulum moving without attenuation (with damping coefficient equal 0) moves in a 
periodic way form first equilibrium to second. There can be observed two characteristic 
states of the pendulum: 
1. where the pendulum reaches its maximal speed – in the middle of the way form first  
to second equilibrium 
2. where the pendulum’s speed is equal 0 – the equilibria  
 
We can investigate the pendulum non-linear system according to change of the length of the 
connection between the mass and the point it is attached to. To see what happens we 
change the line length from 1 to 50:  
 
 
We can observe that with enhancement of line length the pendulum angular speed 
decreases.  
The mass of the pendulum is not considered in case of non-damped system, because after 
substitution of d = 0 and ordering the equation versus : 
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The second condition we will consider will be for various mass m, various length l and initial 
value of pendulum deflection 180
0
. As the results we get the dependence of angular speed 
versus displacement angle: 
 
 
 
In this case the pendulum doesn’t move in a periodic way. It’s displacement angle decreases 
very rapidly together with pendulum’s angular speed. The system tends to a state with zero 
angular speed – in this particular case to state when the mass hangs straight over. 
 
Next we can consider a case with carious damping coefficients. Because of a small mass of 
the pendulum the considerations with dumping coefficient larger than 1 haven’t got too big 
sense, because it very rapidly tends to steady state, giving only minimal oscillations. Tat is 
why our considerations will focus on two cases – d = 1 and d = 0.5:   
   
It can be easily seen that a reduction of damping coefficient by half brings smaller 
displacement angle, smaller angular speed and much shorter time needed to achieve the 
equilibrium position.  
 
 
 
When we look at equilibrium point closer we see the pendulum speed comes faster to zero 
than the displacement angle, but of course it reaches it at the same time as the angle. 
 
Next, we set the dumping coefficient to 0.5 and investigate the influence of line length on 
equilibrium state reaching time:  
  
We can see that the pendulum with the longest line reaches the steady state as the first, 
while the one with shortest line as the last.  
 
The consideration of mass influence is made as the last. We take the pendulum with various 
mass and constant line length and damping: 
 
 
 
 
As the graph is a bit vague let’s look at it in separate graphs: 
 
For m =1: 
 
 
For m=2: 
 
 
 
 
 
And for m=0.5: 
 
 
We can see that the mass has a great influence on both angular speed and displacement 
angle. The mass which equals 2 has made vast more oscillations than the other two masses. 
Furthermore it has achieved higher speeds and displacement angle. 
 
 
